Introduction
The dynamic response of a spinning flexible disk under spacefixed excitation has been under intensive research in the past decades, partly due to its potential applications in many mechanical design problems such as circular saws and modern disk drives. Benson and Bogy ͓1͔ and Cole and Benson ͓2͔ investigated the steady state response of a spinning disk under a space-fixed point force. Ono and Maeno ͓3͔ and Jiang et al. ͓4͔ studied the response of a spinning floppy disk under space-fixed harmonic excitation. Chen and Hsu ͓5,6͔ considered the transient response as well as steady state deflections of a spinning disk under space-fixed stepforces and couples.
These aforementioned analyses all used linearized plate equation. In some cases when the disk deflection becomes excessive the stiffening effect due to membrane stretching has to be taken into account. This nonlinear stretching effect is commonly treated by adopting von Karman's plate model ͓7͔. Tobias and Arnold ͓8͔ studied the influence of imperfection on the nonlinear vibration of rotating disks. Maher and Adams ͓9͔ calculated the steady state point-load deflection of a disk spinning near a base plate. Torii et al. ͓10͔ investigated analytically and experimentally the primary resonance of a spinning disk under both rotating and spacefixed loads simultaneously. Raman and Mote ͓11͔ and Chen ͓12͔ studied the nonlinear oscillation of a disk spinning near its critical speed. These researches mainly dealt with the primary resonance of a spinning disk, i.e., the excitation frequency is close to one of the natural frequencies of the spinning disk. On the other hand, the secondary resonance of a spinning disk under space-fixed excitation has not been studied in the literature. When the disk is not spinning, however, subharmonic resonance was reported by Nayfeh and Vakakis ͓13͔.
In this paper we investigate the possibility of secondary resonance of a spinning disk under space-fixed excitations. The equations of motion are formulated by using von Karman's plate model. Galerkin's method is then employed to discretize the equations of motion. Attention is focused on the nonlinear coupling between a pair of forward and backward traveling waves. The steady state solutions are predicted by multiple scale method and verified by Runge-Kutta integration.
Equations of Motion
We consider an elastic circular disk spinning with constant speed ⍀. 
(r,) are space-fixed polar coordinates. The parameters , h, E, , and D are the mass density, thickness, Young's modulus, Poisson ratio, and flexural rigidity of the disk, respectively. c f represents a space-fixed homogeneous damping due to the surrounding air. q(r,)cos ␥t is the space-fixed harmonic loading. In writing Eq. ͑2͒ the in-plane inertia is neglected. The disk is assumed to be ''partially'' clamped ͓1͔ at the inner radius rϭa and is free at the outer radius rϭb. It is noted that while Eqs. ͑1͒ and ͑2͒ are nonlinear in terms of w, they are linear in . Therefore we can divide the stress function in Eq. ͑2͒ into homogeneous solution 1 and particular solution 2 . 1 accounts for the stretching effect due to the centrifugal force, and 2 involves nonlinear terms of w. After substituting the relation ϭ 1 ϩ 2 in Eqs. ͑1͒ and ͑2͒ and introducing the following dimensionless quantities,
we can rewrite the equations of motion in the dimensionless form after dropping the asterisks for simplicity,
where r and are due to centrifugal force,
In the special case when ϭ0, the solution 2 in Eq. ͑4͒ is identically zero, and as a consequence Eq. ͑3͒ for an undamped freely spinning disk is reduced to
The natural frequency of a mode with n nodal diameters and m nodal circles is denoted by mn . The corresponding eigenfunction is complex and assumes the form
It is also noted that the eigenfunctions w mn are orthonormal. Figure 1 shows the natural frequency loci of a spinning disk as the rotation speed varies. The clamping ratio is 0.5, and the Poisson ratio is 0.27. Only the modes with less than four nodal diameters are shown here. The subscripts f, b, and r of the mode label (m,n) represent forward, backward, and reflected modes, respectively ͓6͔.
Discretization
In this paper we focus on the secondary resonance of a pair of forward and backward (m,n) modes excited by the space-fixed load and assume that the influence of other modes on this specific pair is negligible. The solution w(r,,t 
Equation ͑11͒ represents a gyroscopic system with two degrees of freedom. mn and mn are the natural frequencies of the backward and the forward modes, respectively. It is noted that mn is equal to mn ϩ2n⍀. The excitation frequency ␥ is assumed to be away from both mn and mn . In other words, we exclude the case of primary resonance. The thickness parameter is assumed to be small. It is noted that the damping and the nonlinear terms are of order , while the forcing term is of order one. Without loss of generality the load parameter q mn can be taken as real. Constant ␣ can be obtained via numerical integration involving eigenfunctions w mn and mn •͉c mn ͉ represents the absolute value of complex number c mn .
Multiple Scale Method
In order to find the steady state oscillation we apply the method of multiple scale ͓14͔ to analyze Eq. ͑11͒. The method of multiple scale assumes an expansion of the solution in the form
where T 1 ϵt. Substituting ͑14͒ into ͑11͒ and equating coefficients of like powers of yields
where D 0 ϵ‫ץ/ץ‬t, and D 1 ϵ‫ץ/ץ‬T 1 . The general solution of Eq. ͑15͒ can be written in the form
where 
Substituting Eq. ͑17͒ into the right hand side of Eq. ͑16͒ we observe that there are six cases in which secular terms may occur in the solution c mn
(1) . These six cases are listed in Table 1 . Further analysis will reveal that there are three possible outcomes: ͑A͒ Single-mode resonance: In cases ͑1͒ and ͑2͒ only a single mode will be excited in the superharmonic manner. ͑B͒ Combination resonance: In cases ͑3͒ to ͑6͒ the secondary resonance involves both the forward and backward modes. ͑C͒ Simultaneous resonance: In the event when cases ͑2͒ and ͑6͒ occur simultaneously, in other words mn is close to 5/3 mn and ␥ is close to 1/3 mn , then internal resonance involving both modes will occur. In the following we will discuss these three possible outcomes one by one.
Single-Mode Superharmonic Resonance
We first consider the case when the excitation frequency is close to 1/3 mn . We define the frequency detuning parameter by
The secular terms of Eq. ͑16͒ can be eliminated if
where mn ϭ1/2( mn ϩ mn ). The terms G 1 and G 2 are introduced because of the closeness relation Eq. ͑20͒,
We express d 1 and d 2 in the forms 
After eliminating from Eqs. ͑35͒ and ͑36͒, we obtain the relation between a 2 and as,
The steady state vibration of the spinning disk is then w͑r,,t ͒ϭR mn ͑ r ͓͒a 2 cos͑Ϫ3␥tϩϩn ͒ϩ2⌳ 1 cos͑␥tϩn ͒ ϩ2⌳ 2 cos͑Ϫ␥tϩn ͔͒ϩO͑ ͒
It is noted that the frequency of free oscillation component is tuned exactly to 3␥ by the nonlinearity. Therefore, the final response Eq. ͑38͒ is periodic. The stability of the steady state solutions can be analyzed by expressing d 1 (T 1 ) and d 2 (T 1 ) as (s) and d 2 (s) are the steady state solutions. After substituting Eqs. ͑39͒ and ͑40͒ into Eqs. ͑21͒ and ͑22͒ and linearizing with respect to the variations d 1 (T 1 ) and d 2 (T 1 ) we can obtain a Jacobian matrix. By solving the eigenvalues of the Jacobian matrix we can determine the stability of the steady state solutions. For unstable solutions there exists at least one eigenvalue with positive real part. It is noted that the results for the case of single-mode superharmonic resonances are similar to the results of a single degreeof-freedom Duffing oscillator ͓14͔. Similar single-mode superharmonic resonance will also occur when ␥Ϸ1/3 mn .
Combination Resonance
For combination resonance we first consider case ͑3͒ in Table 1 when ␥ is close to 2 mn ϩ mn and assume
The terms G 1 and G 2 in the solvability equations ͑21͒ and ͑22͒ are modified to Figure 2 shows the steady state amplitudes a 1 , a 2 , and phase of a pair of ͑0,3͒ modes as functions of . The parameters used in the calculation are ϭ0.001, 03 ϭ11.94, 03 ϭ25.74, q 03 ϭ10000, c f ϭ0.2, and ␣ϭ0.4. The solid and dashed lines represent the stable and unstable solutions, respectively. It is observed that secondary resonance is possible when frequency detuning parameter is greater than 3.63. The bifurcation at this critical point is of the saddle-node type. To examine the accuracy of the approximate solutions predicted by the multiple scale method, we use Runge-Kutta method to integrate Eq. ͑11͒ at ϭ8 with initial conditions c 03 (0)ϭ9.98 and ċ 03 (0)ϭ121.57i. The solid line in Fig. 3͑a͒ shows the response history of the real part of c 03 after a long period of time. The dashed line represents the prediction from multiple scale method. Satisfactory accuracy is ensured. Figure 3͑b͒ shows the Poincare map of the Runge Kutta solution recorded from tϭ35000 to 40000 with the sampling rate equal to the excitation frequency ␥. The sampling points form a closed curve, which implies the quasiperiodic feature of the response. The analysis and the result for case ͑4͒ ␥Ϸ mn ϩ2 mn are similar to case ͑3͒.
For combination resonance case ͑5͒ in Table 1 , we assume that
The terms G 1 , and G 2 in the solvability equations ͑21͒ and ͑22͒, and the terms H 1 , H 2 , H 3 , and H 4 in Eqs. ͑27͒ to ͑30͒ are modified to The phase is independent of the excitation frequency,
The final response w(r,,t) is in the same form as in Eq. ͑53͒. Figure 4 shows the steady state amplitudes a 1 , a 2 , and phase as functions of . The parameters used in the calculation are ϭ0.001, 03 ϭ11.94, 03 ϭ25.74, q 03 ϭ3000, c f ϭ0.2, and ␣ϭ0.4. It is observed that pitch-fork bifurcations occur at ϭ0.805 and 2.324. After studying the behaviors of the eigenvalues of the trivial solutions one can predict these two bifurcation frequencies analytically as
From Eq. ͑69͒ we can also predict that the combination resonance of the summed type can occur only when the excitation amplitude q mn satisfies the following condition,
For the final case ͑6͒ in Table 1 , we assume that
The terms G 1 , G 
Therefore, the combination resonance of the difference type is impossible.
Simultaneous Resonance
Simultaneous resonance occurs when any two of the six closeness conditions in Table 1 are met at the same time. A careful examination of all possible combinations reveals that simulta- neous resonance is possible only when cases ͑2͒ and ͑6͒ occur simultaneously. In other words, mn is close to 5 3 mn and ␥ is close to 1 3 mn . In this case we assume that
where 1 and 2 are two independent detuning parameters. The terms G 1 , G 2 , H 1 , H 2 , H 3 , and H 4 are modified to
H 2 ϭ8␣⌳ 1 2 ⌳ 2 cos 1 ϩ4␣a 2 ⌳ 2 2 cos 2 (88)
where
Following a similar procedure we can conclude that the nontrivial steady state solutions of a 1 , ␤ 1 , a 2 , and ␤ 2 must satisfy the following four equations,
2c f mn a 1 ϩ2␣⌳ 1 2 ⌳ 2 sin 1 ϩ␣a 2 ⌳ 2 2 sin 2 ϭ0 (94)
It is noted that both a 1 and a 2 have to be nonzero if a nontrivial solution exists in Eqs. ͑93͒ through ͑96͒. In other words, singlemode resonance is not possible in this case. A straightforward solution procedure to solve Eqs. ͑93͒ to ͑96͒ for solutions a 1 , a 2 , 1 , and 2 is described briefly in Appendix. The steady state vibration of the spinning disk is then w͑r,,t ͒ϭR mn ͑ r ͓͒a 1 cos͑3␥tϪ 1 ϩn ͒ ϩa 2 cos͑Ϫ5␥tϩ 1 Ϫ 2 ϩn ͒ϩ2⌳ 1 cos͑␥tϩn ͒ ϩ2⌳ 2 cos͑Ϫ␥tϩn ͔͒ϩO͑ ͒
It is noted that the first term with frequency 3␥ on the right hand side of Eq. ͑97͒ is a backward mode excited directly by the external force in a superharmonic manner. The second term with frequency 5␥ is a forward mode excited internally by the vibration of the backward mode. Figure 5 shows the amplitudes and phases of the steady state solutions as functions of detuning parameter 1 for the internal resonance between a pair of ͑0,3͒ modes at ⍀ϭ1.57. The parameters used in the calculation are ϭ0.001, 03 ϭ14.13, 03 ϭ23.55, q 03 ϭ10,000, c f ϭ0.2, and ␣ϭ0.4. The excitation frequency ␥ϭ1/3 03 ϩ 1 . The stable solution branch from 1 ϭ0 undergoes a saddle-node bifurcation at 1 ϭ3.99 ͑point A͒, creating an unstable branch BA. At point B the unstable branch undergoes another saddle-node bifurcation creating a stable branch BC. The branch BC then undergoes a super-critical Hopf bifurcation at point C, creating a quasiperiodic solution c 03 , which cannot be shown in Fig. 5 . Point D is a saddle-node bifurcation point for additional branch of solutions.
To demonstrate the existence of Hopf bifurcation predicted by the multiple scale analysis we use Runge-Kutta method to integrate Eq. ͑11͒ at 1 ϭ7 with initial conditions c 03 ϭϪ4.96 Transactions of the ASME ϩi2.15 and ċ 03 ϭϪ130.26ϩi50.83. Figure 6͑a͒ shows the response history of the real part of c 03 after a long period of time. Figure 6͑b͒ shows its Poincare map recorded from tϭ45,000 to 50,000 with the sampling rate equal to the excitation frequency. The sampling points fill up a small strip around a closed curve, which implies the quasiperiodic feature of the response induced by a Hopf bifurcation. If the initial conditions are changed to c 03 ϭ0 and ċ 03 ϭ0, the response then settles to the stable branch to the right of point D in Fig. 5 , as shown in Fig. 7 . The Poincare map in Fig. 7͑b͒ records the sampling points from tϭ20,000 to 25,000, which indicates clearly that the response is periodic. It is noted that the amplitude of the quasiperiodic solution branch after point C grows with 1 . We also take note of the closing gap between the unstable branches following points C and D. At certain point of 1 the domain of attraction of the quasiperiodic solution touches the stable manifold of the saddle point in the neighborhood. Beyond this 1 the quasiperiodic solution will no longer exist. We estimate numerically that it occurs around 1 ϭ19. Figure 8 shows the steady state solutions as functions of loading parameter q 03 when 1 ϭ4. Other parameters are the same as those used in Fig. 5 . The stable branch undergoes saddle-node bifurcation at point A and another saddle-node bifurcation at B. The stable branch starting from point B then undergoes a supercritical Hopf bifurcation at point C creating an unstable periodic solution and a quasiperiodic solution. The unstable branch CD undergoes a super-critical Hopf bifurcation at point D. Points E and F are two saddle-node bifurcation points. It is noted that all the stable periodic solutions predicted in Figs. 5 and 8 can be realized by integrating Eq. ͑11͒ numerically.
It is interesting to note that when the closeness condition ͑6͒ in Table 1 is met alone, we predict that combination resonance of the difference type is impossible. However, when conditions ͑2͒ and ͑6͒ in Table 1 are met at the same time, complicated response is induced and both the backward and the forward modes are excited via internal resonance.
Conclusions
In this paper we investigate the possibility of secondary resonance of a spinning disk under space-fixed excitations. Von Karman's plate model is employed in formulating the equations of motion of the spinning disk. Galerkin's procedure is used to discretize the equations of motion. Attention is focused on the nonlinear coupling between a pair of forward ͑with frequency mn ) and backward ͑with frequency mn ) traveling modes. Multiple scale method is used to predict the steady state periodic solutions. The secondary oscillations are classified into three types, i.e., single-mode resonance, combination resonance, and simultaneous resonance. The accuracy of steady state solution predicted by multiple scale method is examined by direct integration with RungeKutta method. Several conclusions can be summarized as follows.
͑1͒ When the excitation frequency is close to 1/3 mn or 1/3 mn , then single-mode superharmonic resonance will be induced. The response behavior is similar to a classical Duffing oscillator.
͑2͒ In the case when the excitation frequency is close to 2 mn ϩ mn or mn ϩ2 mn , both the forward and the backward modes will be excited when the frequency detuning parameter is greater than a critical value. When the combination resonance does occur, the frequencies of the free oscillation components are shifted slightly from the respective natural frequencies mn and mn . The final response is therefore quasiperiodic. The bifurcation points in the bifurcation diagram are of the saddle-node type.
͑3͒ In the case when the excitation frequency is close to 1/2( mn ϩ mn ), again both the forward and the backward modes will be excited. The bifurcation points in the bifurcation diagram are of the pitch-fork type.
͑4͒ In the case when the excitation frequency is close to 1/2( mn Ϫ mn ), no combination resonance is possible.
͑5͒
In the case when the excitation frequency is close to 1/3 mn and 1/2( mn Ϫ mn ) simultaneously, internal resonance between the forward and backward modes can occur. The frequencies of the free oscillation components are exactly 3 times and 5 times that of the excitation frequency. In this special case both saddle-node and Hopf bifurcations are observed.
